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1. Introduction
Let I = [a,b] be an interval of real line R (a,b ∈ R, a < b) and let RI denote the set of all functions ϕ : I → R. For a
given function h : I ×R→R, the mapping H :RI →RI deﬁned by
H(ϕ)(x) = h(x,ϕ(x)), ϕ ∈RI (x ∈ I),
is called a composition (Nemytskij or superposition) operator of a generator h.
This operator occurs frequently in the theory of integral equations, differential equations and, especially, in the theory of
iterative functional equations of the form
ϕ(x) = h(x,ϕ( f (x)))
where the existence and uniqueness of a solution ϕ depends on its class. It was proved also that every local (locally deﬁned)
operator mapping the space of continuous functions into itself must be a composition operator (cf. [20,29]).
It is known that if X ⊂ RI is a Banach function spaces with a norm essentially stronger than the supremum norm, and
H is Lipschitzian or uniformly continuous, then H must have a special representation. First in [12] it was shown that if H
mapping the Banach space (Lip[0,1],‖ · ‖Lip[0,1]) of Lipschitzian real functions into itself is globally Lipschitzian with respect
to the Lip[0,1]-norm, i.e., there is a constant c  0 such that∥∥H(ϕ1) − H(ϕ2)∥∥Lip[0,1]  c‖ϕ1 − ϕ2‖Lip[0,1], ϕ1,ϕ2 ∈ Lip[0,1],
then the generator h of H must be of the form
h(x, y) = α(x)y + β(x),
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If H mapping the Banach space BV[0,1] of functions of bounded Jordan variation into itself is globally Lipschitzian, then
the above formula holds true for the one-sided regularization of h [19]. This representation result has been extended in
many directions, including for instance, the Banach spaces of functions having bounded generalized variation in the sense
of Wiener–Young–Orlicz [5], the Banach space of functions of bounded generalized variation of Riesz–Orlicz type including
weight [3] (cf. also [7,4,2,6,14,22]).
In [15] it was observed that these results remain true if the Lipschitz-continuity of H is replaced by its uniform continuity
(cf. [1,8,17,16]).
Recently, under very general assumptions, in [18] Matkowski proved that for the Hölder spaces, the uniform continuity
of H can be replaced by a much weaker condition of the uniform boundedness, that is weaker than the norm boundedness
of H . The relevant result for set-valued functions was proved in [21].
The aim of the present paper is to characterize uniformly bounded composition operator acting between the Banach
spaces of functions of bounded n-th variation (Theorem 3). As the corollaries we obtain that every Lipschitzian or uniformly
continuous composition operator mapping the space of functions of bounded n-th variation into itself is an aﬃne function
with respect to the second variable, i.e., Matkowski’s representation holds.
The generalized n-th variation of this type was studied mainly by Russell [26,27].
2. Mappings of bounded n-th variations
Here and subsequently, N denotes the set of positive integers. Let I = [a,b] be a closed interval of the real line R
(a,b ∈ R,a < b) and n ∈ N. For a function ϕ : [a,b] → R and the distinct points x1, . . . , xn+1 in [a,b] we deﬁne, by recur-
rence, the divided difference of order n of ϕ at the points x1, . . . , xn+1 as follows:
[x1;ϕ] = ϕ(x1), [x1, . . . , xn+1;ϕ] = [x2, . . . , xn+1;ϕ] − [x1, . . . , xn;ϕ]
xn+1 − x1 . (1)
Given a function ϕ : [a,b] →R, we set
Vn(ϕ) = Vn
(
ϕ, [a,b]) := sup
p
m−n−1∑
i=1
∣∣[xi+1, . . . , xi+n+1;ϕ] − [xi, . . . , xi+n;ϕ]∣∣, (2)
where the supremum is taken over all the partitions
p = (x1, . . . , xm); a = x1 < x2 < · · · < xm−1 < xm = b; m n + 2, m ∈N.
We say that ϕ is of bounded n-th variation on [a,b] if Vn(ϕ, [a,b]) < ∞, and denote by BVn[a,b] the class of all such functions.
The theory of the functions of generalized n-th variation was introduced ﬁrst by Popoviciu [23,24] and it was developed
by Russell [26,27].
In the special case when n = 1, a mapping ϕ : I →R of bounded 1-st variation is called a mapping of bounded convexity
on [a,b] (also written as ϕ ∈ BC[a,b]) and V1(ϕ, [a,b]) is said to be the total convexity of ϕ on [a,b] [25].
It is known ([26], see also [28]) that the space BVn[a,b],n ∈N, endowed with the norm
‖ϕ‖n := Vn
(
ϕ, [a,b])+ ∣∣ϕ(a)∣∣+ ∣∣ϕ′+(a)∣∣+ · · · + ∣∣ϕ(n)+ (a)∣∣, ϕ ∈ BVn[a,b],
is a Banach space. (The right hand derivatives of ϕ at a, i.e., ϕ(k)+ (a), k ∈ {1, . . . ,n}, exist by the result of Popoviciu [24].)
In what follows we shall need some lemmas.
Before formulating the ﬁrst lemma recall that every function belonging to the space BV1[a,b] fulﬁlls the Lipschitz con-
dition in [a,b] [25, Theorem 14C].
From now on, for a function ϕ : [a,b] →R denote by Lba(ϕ) the Lipschitz constant of ϕ , i.e.,
Lba(ϕ) := sup
{∣∣∣∣ϕ(x1) − ϕ(x2)x1 − x2
∣∣∣∣: x1, x2 ∈ [a,b], x1 = x2
}
.
Lemma 1. (See [9, Lemma 2].) If ϕ ∈ BV1[a,b] then
Lba(ϕ) V1
(
ϕ, [a,b])+ ∣∣ϕ′+(a)∣∣.
Lemma 2. If ϕ ∈ BVn[a,b], n 2, n ∈N, then ϕ ∈ BVn−1[a,b] and
Vn−1(ϕ) n(b − a)
(
Vn(ϕ) +
∣∣ϕ(n)+ (a)∣∣). (3)
Proof. Fix arbitrarily n ∈ N, n  2, and take ϕ ∈ BVn[a,b]. It follows from [27, Theorem 10], that ϕ ∈ BVn−1[a,b], so
Vn−1(ϕ) < ∞. To establish the inequality let
p = (x1, . . . , xm): a = x1 < · · · < xm = b; m n + 2
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Fix i ∈ {2, . . . ,m − n} and take n distinct points x1, . . . , xn in linear order belonging to (a, xi), i.e.,
a < x1 < x2 < · · · < xn < xi .
Thus, using (2),
−∣∣[a, x1, . . . , xn;ϕ]∣∣+ ∣∣[xi, . . . , xi+n;ϕ]∣∣ ∣∣[a, x1, . . . , xn;ϕ]∣∣− ∣∣[xi, . . . , xi+n;ϕ]∣∣ Vn(ϕ)
and, consequently, letting x1, . . . , xn tend to a, we have∣∣[xi, . . . , xi+n;ϕ]∣∣ Vn(ϕ) + ∣∣ϕ(n)+ (a)∣∣
(the limit exists since ϕ is right differentiable at a ([24], see also [28, Remark 1])).
Hence, in view of (2) and (4),
Vn−1(ϕ) = sup
P
m−n∑
i=1
∣∣[xi+1, . . . , xi+n;ϕ] − [xi, . . . , xi+n−1;ϕ]∣∣
= sup
P
m−n∑
i=1
(xi+n − xi)
∣∣[xi, . . . , xi+n;ϕ]∣∣
 sup
P
m−n∑
i=1
(xi+n − xi)
(
Vn(ϕ) +
∣∣ϕ(n)+ (a)∣∣)
 n(b − a)(Vn(ϕ) + ∣∣ϕ(n)+ (a)∣∣),
which completes the proof. 
Lemma 3. If ϕ ∈ BVn[a,b], n ∈N, then there exists a positive constant s(n) such that
Lba(ϕ) +
∣∣ϕ(a)∣∣ s(n)‖ϕ‖n. (5)
Proof. We proceed by the induction on n. By Lemma 1, inequality (5) holds for n = 1 with s(1) = 1.
Assume now that lemma holds true for some n ∈N, and take an arbitrary ϕ ∈ BVn+1[a,b]. We conclude from Lemma 2,
that ϕ ∈ BVn[a,b] and
Vn(ϕ) (n + 1)(b − a)
(
Vn+1(ϕ) +
∣∣ϕ(n+1)+ (a)∣∣).
Hence, by the deﬁnition of the norm ‖ · ‖n ,
Vn(ϕ) (n + 1)(b − a)‖ϕ‖n+1,
whence
‖ϕ‖n 
(
(n + 1)(b − a) + n + 1)‖ϕ‖n+1, (6)
as ∣∣ϕ(a)∣∣ ‖ϕ‖n+1, ∣∣ϕ(i)+ (a)∣∣ ‖ϕ‖n+1, i = 1, . . . ,n.
By the assumption, there exists s(n) > 0 such that
Lba(ϕ) + |ϕ(a)|
s(n)
 ‖ϕ‖n,
therefore, by (6),
Lba(ϕ) +
∣∣ϕ(a)∣∣ s(n + 1)‖ϕ‖n+1,
where s(n + 1) := s(n)((n + 1)(b − a) + n + 1). Now the induction completes the proof. 
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Deﬁnition 1. Let X ⊂R and let a function h : X ×R→R be ﬁxed. The mapping H :RX →RX given by
H(ϕ)(x) = h(x,ϕ(x)), ϕ ∈RX (x ∈ X),
is said to be a composition (Nemytskij or superposition) operator. The function h is referred to as the generator of H . (Here RX
denotes the set of all functions ϕ : X →R.)
Theorem 1. Let a,b ∈ R, a < b and n ∈ N be ﬁxed. Suppose that a function h : [a,b] × R → R is such that, for any x ∈ [a,b], the
function h(x, ·) : R → R is continuous with respect to the second variable. If the composition operator H of the generator h maps
BVn[a,b] into itself, and satisﬁes the inequality∥∥H(ϕ) − H(ψ)∥∥n  γ (‖ϕ − ψ‖n), ϕ,ψ ∈ BVn[a,b], (7)
for some function γ : [0,∞) → [0,∞), then there exist α ∈ BVn[a,b] and β ∈ BVn[a,b] such that
h(x, y) = α(x)y + β(x), x ∈ [a,b], y ∈R.
Proof. For every ﬁxed y ∈R the function ϕ(t) = y, t ∈ [a,b], as a constant, is a function of bounded n-th variation, and, by
assumption, H(ϕ) = h(·, y) ∈ BVn[a,b]. It follows that h(·, y) is continuous.
Let us ﬁx x, x ∈ [a,b], x < x, y1, y2, y1, y2 ∈R and deﬁne the functions
ϕi(t) = yi − yi
x− x (t − x) + yi, i ∈ {1,2}.
Obviously, ϕi , i ∈ {1,2}, as the aﬃne functions belong to BVn[a,b] and Vn(ϕi) = 0, i ∈ {1,2}.
We see at once that
‖ϕ1 − ϕ2‖n =
∣∣∣∣ y1 − y1 − y2 + y2x− x
∣∣∣∣+
∣∣∣∣ y1 − y1 − y2 + y2x− x (a − x) + y1 − y2
∣∣∣∣. (8)
From (5) and (7) with ϕ = ϕ1, ψ = ϕ2, there exists a constant s(n) > 0 such that
Lba(H(ϕ1) − H(ϕ2))
s(n)
 L
b
a(H(ϕ1) − H(ϕ2))
s(n)
+ |H(ϕ1)(a) − H(ϕ2)(a)|
s(n)
 γ ‖ϕ1 − ϕ2‖n,
therefore∣∣∣∣H(ϕ1)(x) − H(ϕ2)(x) − H(ϕ1)(x) + H(ϕ2)(x)(x− x)s(n)
∣∣∣∣ γ (‖ϕ1 − ϕ2‖n).
Since ϕi(x) = yi , ϕi(x) = yi and, by (8),∣∣∣∣h(x, y1) − h(x, y2) − h(x, y1) + h(x, y2)(x− x)s(n)
∣∣∣∣ γ
(∣∣∣∣ y1 − y1 − y2 + y2x− x
∣∣∣∣+
∣∣∣∣ y1 − y1 − y2 + y2x− x (a − x) + y1 − y2
∣∣∣∣
)
.
Taking arbitrary u, v ∈R and setting in this inequality y1 = y2 = u+v2 , y1 = u, y2 = v we obtain∣∣∣∣h
(
x,
u + v
2
)
− h(x, v) − h(x,u) + h
(
x,
u + v
2
)∣∣∣∣ γ (|y1 − y2|)|x− x|s(n).
Letting x tend to x and making use of the continuity of h with respect to the ﬁrst variable, we hence get
2h
(
x,
u + v
2
)
= h(x,u) + h(x, v),
for all x ∈ [a,b]. This shows that for any x ∈ [a,b], the function h(x, ·) is Jensen and, by the assumption, it is continuous.
Consequently (cf. [10, p. 315]) there exist α,β : [a,b] →R such that
h(x, y) = α(x)y + β(x), x ∈ I, y ∈R. (9)
Since h(·, y) ∈ BVn[a,b] for all y ∈R, and, by (9),
β(x) := h(x,0); α(x) := h(x,1) − β(x), x ∈ [a,b],
therefore α,β ∈ BVn[a,b], which completes the proof. 
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of h with respect to the second variable can be omitted.
Proof. For arbitrary ﬁxed y, y ∈R deﬁne the pair of constant functions ϕ,ϕ : [a,b] →R by
ϕ(t) = y, ϕ(t) = y, t ∈ [a,b]. (10)
Then of course ϕ,ϕ ∈ BVn[a,b] and,
‖ϕ − ϕ‖n = |y − y|.
Moreover, by the assumption, H(ϕ) = h(·, y) and H(ϕ) = h(·, y) belong to BVn[a,b].
By Lemma 3 and (7) there exists s(n) > 0 such that
Lba(H(ϕ) − H(ϕ)) + |H(ϕ)(a) − H(ϕ)(a)|
s(n)
 γ
(|y1 − y|),
therefore
Lba
(
H(ϕ) − H(ϕ)) γ (|y − y|)s(n)
and ∣∣H(ϕ)(a) − H(ϕ)(a)∣∣ γ (|y − y|)s(n).
Hence, taking into account (10), for all x ∈ [a,b], we get∣∣∣∣h(x, y) − h(x, y) − h(a, y) + h(a, y)x− a
∣∣∣∣ γ (|y − y|)s(n)
and ∣∣h(a, y) − h(a, y)∣∣ γ (|y − y|)s(n).
Thus, by the triangle inequality, we obtain
∣∣h(x, y) − h(x, y)∣∣ ∣∣h(x, y) − h(x, y) − h(a, y) + h(a, y)∣∣+ ∣∣h(a, y) − h(a, y)∣∣
=
∣∣∣∣h(x, y) − h(x, y) − h(a, y) + h(a, y)x− a
∣∣∣∣|x− a| + ∣∣h(a, y) − h(a, y)∣∣
 γ
(|y − y|)s(n)|x− a| + γ (|y − y|)s(n),
whence∣∣h(x, y) − h(x, y)∣∣ γ (|y − y|)s(n)(|x− a| + 1).
Now, the continuity of γ at 0 and the equality γ (0) = 0, imply that h is continuous with respect to the second variable. 
As an immediate corollary of Theorem 1 and Remark 1 we obtain the following.
Theorem 2. Let a,b ∈ R, a < b, and n ∈ N be ﬁxed. Suppose that the composition operator H of the generator h maps BVn[a,b] into
itself. If there exists a right continuous at 0 function γ : [0,∞) → [0,∞) such that γ (0) = 0 and∥∥H(ϕ) − H(ψ)∥∥n  γ (‖ϕ − ψ‖n), ϕ,ψ ∈ BVn[a,b],
then Matkowski’s representation holds:
h(x, y) = α(x)y + β(x), x ∈ [a,b], y ∈R,
for some α,β ∈ BVn[a,b].
Analysis similar to that in the proof of [16], Theorem 2, and the above theorem give
Corollary 1. Let a,b ∈ R, a < b, and n ∈ N be ﬁxed. If the composition operator H of the generator h maps BVn[a,b] into itself and is
uniformly continuous with respect to BVn[a,b]-norm then there exist α,β ∈ BVn[a,b] such that
h(x, y) = α(x)y + β(x), x ∈ [a,b], y ∈R.
Taking γ (t) = ct (for some c  0) in Theorem 2 we get the following.
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chitzian operator (in the sense of norm of BVn[a,b]) then there exist α,β ∈ BVn[a,b] such that
h(x, y) = α(x)y + β(x), x ∈ [a,b], y ∈R.
Remark 3. For n = 1 we obtain the result of Kostrzewski [9].
Deﬁnition 2. (See [18, Deﬁnition 1].) Let Y and Z be two metric (or normed) spaces. We say that a mapping H : Y →Z is
uniformly bounded if, for any t > 0 there is a nonnegative real number γ (t) 0 such that for any set B ⊂Y we have
diam B  t ⇒ diam H(B) γ (t).
Remark 4. Obviously, every uniformly continuous operator or Lipschitzian operator is uniformly bounded. Note that, under
the assumptions of this deﬁnition, every bounded operator is uniformly bounded, and the converse is not true.
Theorem 3. Let a,b ∈ R, a < b, n ∈ N be ﬁxed and function h : [a,b] ×R→ R be such that, for any x ∈ [a,b], the function h(x, ·) :
R→ R is continuous with respect to the second variable. If the composition operator H of the generator h maps BVn[a,b] into itself
and is uniformly bounded then there exist α ∈ BVn[a,b] and β ∈ BVn[a,b] such that
h(x, y) = α(x)y + β(x), x ∈ [a,b], y ∈R,
and
H(ϕ)(x) = α(x)ϕ(x) + β(x), ϕ ∈ BVn[a,b]
(
x ∈ [a,b]).
Proof. Take any t  0 and arbitrary ϕ,ψ ∈ BVn[a.b] such that ‖ϕ −ψ‖n  t . Since diam{ϕ,ψ} t , by the uniform bounded-
ness of H , we have diam H({ϕ,ψ}) γ (t), i.e.,∥∥H(ϕ) − H(ψ)∥∥n = diam H({ϕ,ψ}) γ (‖ϕ − ψ‖n),
and the result follows from Theorem 1. 
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